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INTRODUCTION
w xIn previous papers 9]11 , we determined the cuspidal class number of
 m.the modular curve X p for a prime number p / 2. As a continuation,1
in this paper we determine the cuspidal class number of the modular curve
 .X M for a square-free M.0
As is well known, the cuspidal divisor class groups of the modular curves
w x  .are finite 5, 1 . As far as we know, the full cuspidal class numbers are
determined in the following cases of modular curves. Let p be a prime
 .number / 2, 3. The cuspidal class number of the modular curve X p0
w xwas determined by Ogg 8 . The cuspidal class number of the modular
 n. w xcurve X p was determined by Kubert and Lang 3, 4 . The cuspidal class
 m.  m.numbers of the modular curves X p and X 3 were determined by1 1
w x  w x w x w xTakagi 9]11 . Klimek 2 , Kubert and Lang 3, 4 , and Yu 13 determined
the order of a certain subgroup of the cuspidal divisor class group of the
 . .modular curve X N .1
The contents of this paper are the following. In Section 1, we define
generalized Siegel functions and study their properties. In Section 2, we
construct two kinds of functions: f  p. and h . The function f  p. is definedr r r
by generalized Siegel functions, and the function h is defined by ther
  p..12 p 12 MDedekind eta function. The powers f and h are modular units.r r
w xThe function h was already used by Newman 6, 7 . In this section, wer
identify the cuspidal divisor group D with a group ring R of a finite
abelian group, and define an element u of R m Q. We can express the
divisors of the foregoing units by using this element u and the product of
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the group ring. In Section 3, we prove that all modular units on the
 .modular curve X M can be written as products of the functions h and0 r
rational numbers. In Section 4, we determine a necessary and sufficient
condition under which a product of the functions h is a modular unit onr
 .the curve X M . Here, we use the properties of the generalized Siegel0
functions. Newman used the property of Dedekind sums and obtained a
sufficient condition. In Section 5, we calculate the cuspidal class number.
Our main theorem is Theorem 5.1. In the calculation, we use the ring
structure of R. The image of the divisors of the modular units is an ideal
of the ring R and is an analogue of the Stickelberger ideal in the theory of
cyclotomic fields. In Section 6, we determine the p-Sylow group of the
cuspidal divisor class group for p / 2, 3, and, under certain conditions on
M, the 3-Sylow group.
In this paper, we denote by Z, Q, and C the ring of rational integers, the
field of rational numbers, and the field of complex numbers, respectively.
1. TRANSFORMATION FORMULAS FOR
SIEGEL FUNCTIONS
w1. We assume that the reader is familiar with the contents of 9,
x  .Sect. 1 . Let M be a square-free integer / 1 fixed throughout this paper.
w xLet T be the group consisting of all positive divisors of M as in 9, Sect. 1 .
 .2The product in the group T is given by r ( s s rsr r, s for r and s in T.
’Let O be the order defined by O s  Z r . Let n, m be positiver g T ’integers such that m is a divisor of M. Put I s n m O. Then I is an ideal
of O. We assume that N s nm / 1. In this section we consider the Siegel
functions with respect to the ideal I.
’ .  .  w x.Let G I be the principal congruence subgroup of G M see 9 . Let
 .F be the field of all automorphic functions with respect to G I whoseI
 2p i r N .Fourier coefficients belong to the cyclotomic field k s Q e . LetN ’ .F be the field of all automorphic functions with respect to G M whose1
Fourier coefficients belong to the field Q. Then the extension F rF isI 1
 .normal and its Galois group is isomorphic to the group G " . HereI
 .  4G " s G r "1 and G is the group consisting of all elements of theI I I
form
’ ’a r b r*
a s mod I . /’ ’c r* d r
 .contained in GL OrI , where a, b, c, d g Z, r g T , and r* s Mrr. The2
number r is determined by the element a , called the type of a , and
 .  .denoted by t a . We denote by s a the element of the Galois group
 .Gal F rF corresponding to a .I 1
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2. We recall some properties of Siegel functions. For any element
 . 2 2  .  . w xa s a , a of Q y Z , the Siegel function g t t g H is defined in 4 .1 2 a
 .The symbol H denotes the upper half plane . It has the q-product
`
1r2.B a . 2p i a a y1.r2 k k2 1 2 1g t s yq e 1 y q 1 y q q 1 y q rq , .  .  .  .a t z t z t z
ks1
1.1 .
12p it 2p i z 2 .  .where q s e , q s e z s a t q a , and B X s X y X q ist z 1 2 2 6
 . 2the second Bernoulli polynomial. If b s b , b g Z , then1 2
g t s « a, b g t , 1.2 .  .  .  .aqb a
 .where « a, b is a root of unity given by
2p i
« a, b s exp b b q b q b q a b y a b . 1.3 .  .  .1 2 1 2 1 2 2 12
 .If a g SL Z , then2
g a t s c a g t , 1.4 .  .  .  . .a aa
 .where c is the character of SL Z appearing in the transformation2
formula of the square of the Dedekind h-function. Explicitly, c is given as
a b w x.  .  .follows Weber 12, pp. 125]127 . Let a s be any element of SL Z .2c d
Then
2p i¡  .dy1 r2 2y1 exp b y c d q ac 1 y d , 4 .  .  .
12
if d is odd,~c a s . 2p i .cy1 r2 2yi y1 exp a q d c q bd 1 y c , 4 .  .  .
12¢
if c is odd.
1.5 .
y1 0 ..  .Note that c s y1 and that Ker c is a congruence subgroup of0 y1
level 12 and of index 12. It can be shown that the kernel is the commuta-
.tor subgroup.
3. Now we define the Siegel functions with respect to the ideal I
w  .x X r .see 1.7 . Let r g T. Let A be the set of all elements of the formI
x y’ ’u s r , r* , 1.6 . /n m , r n m , r* .  .
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where x and y are rational integers such that u does not belong to the set
 r . ’ ’Z s Z r = Z r* . We call the number r the type of u and denote it by
 . X X r .  . Xt u . Put A s D A disjoint . Let u be an element of A of type rI r g T I I’ .  .and let a be an element of G M of type s g T . Then ua is an
element of AX of type r ( s.I
X’ ’ .  .Let u s a r , a r* be an element of A of type r. Put u8 s a , a1 2 I 1 2
 2 2 .  .g Q y Z . We define the function g t on the upper half plane h byu
r
g t s g t . 1.7 .  .(u u8  /r*
 r . 2’ ’ .  .  .For an element ¨ s b r , b r* of Z , put ¨8 s b , b g Z . For1 2 1 2
X r .  r .  .  .u g A and ¨ g Z , put « u, ¨ s « u8, ¨8 . LetI
’ ’a s b s*
a s  /’ ’c s* d s
’ .be an element of G M of type s, where a, b, c, d g Z, s g T. Then for
an element r of T , put
a r , s b r , s* .  . r .a s . /c r*, s* d r*, s .  .
 r .  .This matrix a is an element of SL Z .2
PROPOSITION 1.1. Let u be an element of AX of type r.I
 .  r .  .  .  .1 Let ¨ g Z . Then g t s « u, ¨ g t .uq¨ u
’ .  .   ..  .  .  .2 Let a g G M . Then g a t s c a g t , where c a su r ua r
  r ..c a .
 .  .   ..  .  .  .  .3 Let a g G I . Then g a t s « a c a g t , where « a su u r u u
 .   r ..« u, ¨ with ¨ s ua y u g Z .
 .  .Proof. 1 follows from 1.2 .
 .  .  .  .’2 follows from 1.4 and the equalities i rrr* a t s
 r .  r . .  .  .  .’a r ( s r r ( s * t where a is of type s and ii u8a s ua 8. .  .
 .  .  .3 follows from 1 and 2 . Q.E.D.
w x wSpecial cases of this proposition are used in 9, Proposition 2.2 and 10,
xProposition 2.1 .
 .In this proposition, the number « u, ¨ is a 2 Nth root of unity and the
 . 12 N number c a is a 12th root of unity. So the function g more strongly,r u
w2 N, 12x.  r .g depends only on the residue class of u modulo Z and isu
 w xinvariant under the exchange u ª yu. The symbol 2 N, 12 denotes the
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. w2 N, 12xleast common multiple of 2 N and 12. Moreover g is an automorphicu
 .function with respect to G I and has no zeros and poles on h. By the
 . w2 N, 12xq-product 1.1 we see that the Fourier coefficients of g belong tou
the field k . Hence it is an element of the function field F and is aN I
modular unit.
X r .  X r .  r ..  4 X X r .  .Put A s A rZ r "1 and A s D A disjoint . Then theI I I r g T I
 . Xgroup G " acts on the set A by the right multiplication of matrices. IfI I
X r .  .u g A , we call r the type of u and denote it by t u . If u is an elementI
X  .of A of type r and a is an element of G " of type s, then ua is anI I
element of type r ( s. For an element u of AX, the notation g w2 N, 12x is wellI u
defined.
X  .PROPOSITION 1.2. Let u g A and a g G " . ThenI I
 .s aw2 N , 12x w2 N , 12xg s g . .u ua
w  .xProof. This can be proved similarly to 9, 2.5 . Q.E.D.
’Put L s n m .I
PROPOSITION 1.3. Let c and « be the same as in Proposition 1.1. Thenr u’ .  .c is a character of G M which is tri¨ ial on the group G 12 O , and « is ar u
 .  2 .character of G I which is tri¨ ial on the group G 2 L O . Hence g is aI u
 2 x .modular function with respect to the group G 2 L , 12 O .I
 .Proof. The triviality of c follows from 1.5 . Let u be an element ofr
 .  .the form 1.6 . Let a be an element of G I of the form
’1 q aN bn M
a s a, b , c, d g Z . . /’cn M 1 q dN
 . w . xThen we have « a s exp 2p ir2 j with j g Q, which satisfiesu
r r
j ' x ab m , r* x q a m , r* q b .  . 5 /  /m , r m , r .  .
r* r*
q y cd m , r y q d m , r q c .  . 5 /  /m , r* m , r* .  .
b rr m , r c r*r m , r* 2 a .  . .  .
2 2q x y y y xy mod 2Z . .
n m , r n m , r* n .  .
1.8 .
 2 .  .  .If a g G 2 L O , then a ' d ' 0 mod 2n and b ' c ' 0 mod 2 N . ThisI
 .  .  .implies j ' 0 mod 2Z by 1.8 . Hence « a s 1. Q.E.D.u
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4. For an arbitrary nonzero ideal I of O, we can generalize all the
preceding results and go further systematically. However, we do not need
the general theory in this paper. So for the sake of simplicity, we restricted
’ourselves to the case I s n m O.
2. CONSTRUCTION OF MODULAR UNITS
 .1. Let M be a square-free integer / 1 as in Section 1. We denote
a b .  .  .by G M the subgroup of SL Z consisting of all elements satisfying0 2 c d
 .c ' 0 mod M . For a Fuchsian group of the first kind G, we denote by XG
the complete nonsingular curve associated with the quotient space G _ h.
 .  .When G s G M , the curve X is written as X M . If f is an automor-0 G 0
phic function with respect to G which has no zeros and poles on the upper
half plane, then f is called a modular unit with respect to G and also a
modular unit on the curve X . In this section we construct modular unitsG
 .on the curve X M and its quotient curves. In fact, we consider another0
curve as follows.
’ .Let T be a subgroup of T. Let G be the subgroup of G M0 T0
consisting of all elements such that their types belong to T . When0
 4  .  .T s 1 s 1 , the group G is isomorphic to G M ; more precisely,0 1 0
y1
1 0 1 0
G s G M . 2.1 .  .1 0’ ’ /  /0 M 0 M
 .Hence, if G s G , then the curve X s X is isomorphic to the modular1 G 11
 .  .curve X M . If G s G , then the curve X s X is a quotient curve0 T G T0 T 00
of X by a finite abelian group isomorphic to T . Our objects are these1 0
curves X .T0 w xWe use the notation in 9, Sect. 1 . Let G be the adele groupAq’ .associated with G M and let U be its unit subgroup. Let U be theT0
subgroup of U consisting of all elements such that their types belong to T .0
= ’Put S s Q < M 4 U . Then S is an open subgroup of G such thatT Aq0
= e ’ .  .Sr Q G < M 4 is compact. We denote by F T the function field`q 0
 .F associated with S. Then the field CF T is the field of all automor-S 0
 .phic functions with respect to G , and Q is algebraically closed in F TT 00w x w x9, Proposition 1.6 . It can be shown similarly to 9, Proposition 1.7 that
 .F T is the field of all automorphic functions with respect to G such0 T0
 .that their Fourier coefficients belong to Q. In particular, F T s F and1
 .F T is an abelian extension of F whose Galois group is isomorphic to0 1
 . w  .xTrT . The field F 1 is isomorphic to the field s F M of all automor-0 0
 .phic functions with respect to G M whose Fourier coefficients belong to0
TOSHIKAZU TAKAGI186
Q. More precisely,
t
F 1 s f f t g F M . 2.2 .  .  .  .0 5 /’M
 .Let P denote the prime divisor of F T defined by the q-expansion.` 0
 .Let P be a prime divisor of F T and let n be the valuation of P. For0 P
  . .  .any element s of Gal F T rF ( TrT , we define the prime divisor0 1 0
s  s .  . w  .xsP by n h s n h h g F T . This defines a right action ofP P 0
  . . sGal F T rF . Since the degree of P is 1, we can regard it as a prime0 1 `
 .divisor of CF T , in other words, a point on the curve X . More0 T0
precisely, let us denote by the same symbol s the corresponding element
’ .of TrT . Let a be an element of G M whose type belongs to the coset0
s . Then the prime divisor P s corresponds to the point on the curve X` T0y1 .represented by a ` . Since all the cusps of G can be expressed asT0y1 s’ .  .a ` with some element a of G M , the set of the prime divisors P`
can be identified with the set of all the cusps on the curve X . AssumeT0
s y1 .  .that P s P . Then, using the previous matrix a , we have a ` s g `` `
1 ) .for some element g of G . Hence ag is of the form " , so that theT 0 10
type of a belongs to T , namely, s s 1. This implies that the group TrT0 0
and the set of all the cusps on the curve X correspond bijectively by theT0
mapping s ¬ P s. We call the prime divisors P s the cuspidal primes of` `
 .F T .0
Let D be the free abelian group generated by the cuspidal primes of
 .  .F T and let D be the subgroup of D of degree 0. Let F resp. F be0 0 C
 . w  .xthe group of modular units in F T resp. CF T . We shall see later0 0
=  .F s C F. See the argument after Theorem 3.1. So we can identify theC
 .  .group div F with div F , and the factor groupC
C s D rdiv F 2.3 .  .0
with the cuspidal divisor class group on the curve X . The order of C isT0
the cuspidal class number of X . In particular, when T s 1, the cuspidalT 00
 .class number of X coincides with that of X M .1 0
w xLet R s Z TrT denote the group ring of TrT and let R be the0 0 0
additive subgroup of R consisting of elements of degree 0. Then the
mapping P s ¬ s defines an isomorphism`
w : D ( R 2.4 .
 .and we have w D s R .0 0
 .2. We construct modular units in F T . Let p be a prime factor of0
X r . r .  .’M and put I s p O. Let R r g T be the subset of A consistingp I Ip p
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w .xof all elements u 1.6 satisfying the following conditions:
 .i if p ¦ r, then x s 0 and 1 O y O pr2;
 .ii if p ¬ r, then y s 0 and 1 O x O pr2.
Then the set R  r . is a complete set of representatives of AX r ..I Ip p
1 1 r . ’ ’ .  .When p s 2, the only element u of R is 0, r* or r , 0I 2 22
<  .according as 2 ¦ r or 2 r. In this case, the Siegel function g t is a squareu
 .of an automorphic function. In fact, if we denote by g t one of the two’ u
 .  .square roots of g t , we can express g t by a product of Siegel’u u
’functions with respect to the ideal 2 2 O as
’g t s g t ? g t ? c , 2.5 .  .  .  .. .’ ’ . 0 , r* r4  r r2, r* r4 1’ ’0, r* r2
’g t s g t ? g t ? c , 2.6 .  .  .  .. .’ .  r r4, 0  r r4, r* r2 2’ ’r r2’
where c and c are nonzero constants. Since there are two choices of1 2
 .g t , for the definiteness, we put’ u
`2p i
rr24 nr’’g t s 2 exp ? t 1 q t , 2.7 .  .  . .’0, r* r2 8 ns1
`2p i
yr r48 nryrr2’g t s exp y ? t 1 y t , 2.8 .  .  . .r r2, 0’ 4 ns1
’w x w xwhere t s exp 2p itr M . Then c s exp 2p i ? 7r16 and c s1 2
w xyexp 2p i ? 7r16 .
 .’For each prime factor p of M, put J s p O s I if p / 2, and sp p
1 1 1 r .’ ’ ’ ’ .  .42 2 O if p s 2. When p s 2, let R s 0, r* , r , r* orJ 4 2 42
1 1 1  r .’ ’ ’ .  .4 <r , 0 , r , r* according as 2 ¦ r or 2 r. Then the set R is aJ4 4 2 2
complete set of representatives of AX r ..J2 r .Now for u g R , put g s g if p / 2, and s g if p s 2. For each’ÃI u u up
coset r g TrT , we define the function f  p. as0 r
f  p. s f  p. , f  p. s g . 2.9 .Ã r r r u
 r .rgr ugRIp
Then we have
f  p. s c p. g . 2.10 . r r u 5
 r .rgr ugRJp
 p.  . l w < < xHere, c s 1 if p / 2, and y1 exp 2p i T ? 7r16 if p s 2, where lr 0
denotes the number of elements r g r that are divisible by 2.
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PROPOSITION 2.1. Let p be a prime factor of M and let r be a coset in
  p..12 p  .TrT . Then the function f is a modular unit in F T . Moreo¨er, if0 r 0
  . .we identify Gal F T rF with TrT , then for an element s g TrT , we0 1 0 0
ha¨e
s12 p 12 p p.  p.f s f . .  . 5r rs
 .Proof. Let us consider the inclusion F ; F T ; F . We identify1 0 Ip
 .  4the Galois group Gal F rF with the group G r "1 . Then we haveI 1 Ip p
  ..  .  4  .   . 4Gal F rF T s G T r "1 , where G T s a g G ¬ t a g T .I 0 I 0 I 0 I 0p p p p
As was seen in Section 1, the function g12 p is a modular unit in F andÃu Ip
 12 p.s a . 12 p X r .g s g for any a g G . Since the set D A is invariantÃ Ãu ua I r g r Ip p
 .   p..12 punder the action of the group G T , the function f is invariantI 0 rp
  ..   p..12 punder the action of Gal F rF T . This implies that f isI 0 rp
 .   p..12 p  .contained in F T . Hence f is a modular unit in F T . The0 r 0
  p..12 p4s   p..12 pequality f s f is obvious from the preceding relation.r rs
Q.E.D.
PROPOSITION 2.2. Let p be a prime factor of M and let r be an element of
’w xT. Let t s exp 2p itr M . Then we ha¨e
prr24 ` n pr¡ p y 1 t  1 y t .ns1’p exp 2p i ? ? , if p ¦ r ,rr24 ` nr8 t  1 y t .ns1 p. ~f t s .r rr24 p ` nrr pp y 1 t  1 y t .ns1
<exp y2p i ? ? , if p r .rr24 ` nr¢ 4 t  1 y t .ns1
Proof. Since these can be obtained by easy calculations, we omit the
proof. Q.E.D.
 p.  p. .  . w  . x ’Remark. We have f t f t s p exp y2p i ? p y 1 r8 s ar r ( p
. w xconstant . This is a generalization of the equality in 9, p. 367 .
 .3. We construct here another type of modular unit in F T . Let0
 .h t be the Dedekind h-function and put
`t
1r24 nH t s h s t 1 y t , 2.11 .  .  . /’M ns1
’w xwhere t s exp 2p itr M . Since p( r s pr or rrp according as p ¦ r or
<p r, we can unify the equalities in Proposition 2.2 as
H p( r t . .
 p.f t s ? c, 2.12 .  .r H rt .
where c is a nonzero constant.
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 .Now for each coset r in TrT we define the function h t by0 r
 H rt .r g r
h t s , 2.13 .  .r  H st .sgw1x
w x w xwhere 1 denotes the unit element of TrT , i.e., 1 s T . In particular, we0 0
 .have h t s 1.w1x
w xIn the following, we denote by r the coset rT .0
 .PROPOSITION 2.3. 1 Let p be a prime factor of M and let r be a coset
in TrT . Then we ha¨e0
h t .w p x r p.f t s ? c , .r 1h t .r
 p. where c is a nonzero constant. In particular, f s h = a nonzero1 w1x w p x
.constant .
 .  .2 Let p i s 1, . . . , k be prime factors of M. Then we ha¨ei
h t s f  p1. t f  p2 . t ??? f  pk . t ? c , .  .  .  .w p x ??? w p x w p x ??? w p x w p x ??? w p x w1x 21 k 2 k 3 k
where c is a nonzero constant.2
 .  .  .Proof. 1 follows immediately from 2.9 and 2.12 .
 .  .2 follows from 1 and the induction on k. Q.E.D.
By Propositions 2.1 and 2.3, the function h12 M is a modular unit inr
 .F T .0
 .  . w x w xRemark. The functions h rt rh t were also considered in 6 and 7
 .to construct modular functions with respect to G M for M which is not0
necessarily square-free.
4. Put D s D m Q and R s R m Q. Then we have an isomor-Q Q
 .phism D ( R by 2.4 , which we also denote by w. Since the functionsQ Q
 p..12 p 12 M  .f and h are elements of F T , their divisors are well defined.r r 0
  p..  .   p..Let div f and div h be the elements of D defined by div f sr r Q r
 .   p..12 p.  .  .  12 M .1r12 p div f and div h s 1r12 M div h .r r r
Let u be the element of R defined byQ
1
u s r r . 2.14 .  /24 rgTrT rgr0
TOSHIKAZU TAKAGI190
Then it is easy to see
1
w xu s 1 q p p . 2.15 . .24 <p M
PROPOSITION 2.4. Let p be a prime factor of M and let r be a coset in
TrT .0
 .    p... w x .1 w div f s r p y 1 u .r
 .   ..  .2 w div h s r y 1 u .r
 .   p . .Proof. 1 For any prim e divisor P , put n f sP r
 .   p..12 p.   p..s1r12 p n f . Then by Proposition 2.1, we have n f sP r P r`
  p..    p...rsn f . On the other hand, the coefficient of s in rw div f is alsoP w1x w1x`
  p..    p...    p...rsn f . Hence we have w div f s rw div f . This implies thatP w1x r w1x` w x  .it is sufficient to prove the case r s 1 . By 1 of Proposition 2.3, we have
  p..   p..   p.. rn f s  sr24 y  rr24. Since n f s n f Pro-P r sgw p x r r g r P w1x P r` ` `
.    p...position 2.1 , the coefficient of r in w div f is  sr24 yw1x sgw p x r
 rr24. It is easy to see that this is also the coefficient of r inr g r
w x .p y 1 u . Thus the proof is complete.
 .  . w x w x2 Let k r be the minimal k such that r s p ??? p , where1 k
 .p , . . . , p are prime factors of M. We use the induction on k r . When1 k
 . w xk r s 0, i.e., r s 1 , the equation is trivial because h s 1. Whenw1x
 . w x  .k r P 1, write r s p r9, where p is a prime factor of M. Then by 1 of
Proposition 2.3, the induction hypothesis for r9, and the result of the
 .preceding item 1 , we have
 p. w xw div h s w div f q w div h s r9 p y 1 u q r9 y 1 u . . .  . .  . . /r r 9 r 9
s r y r9 u q r9 y 1 u s r y 1 u . .  .  .
This completes the proof. Q.E.D.
3. THE GROUP OF MODULAR UNITS
w  .x1. Let S be the subgroup of F the group of modular units in F T0
consisting of all functions g g F which can be written as a product of the
functions h and a rational number. In this section we prove S s F. Firstr
we prove the fullness of the functions h .r
Let x be a character of TrT and let e be the element of R defined0 x Q
by
1
e s x r r . 3.1 .  .x < <TrT0 rgTrT0
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Then the elements e are orthogonal idempotents and constitute a basis ofx
 .  .R over Q. Let u be the element defined by 2.14 and let a x be theQ
 .  .eigenvalue of u belonging to e , i.e., u e s a x e . Then by 2.15 wex x x
have
1
w xa x s 1 q px p . 3.2 .  . . .24 <p M
LEMMA 3.1. The element u is in¨ertible in the algebra R .Q
Proof. The algebra R is isomorphic to the algebra Q <T r T0 < by theQ
 .   ..  .  .  .mapping c x e ¬ c x . Since u s a x e and a x / 0 by 3.2 ,x x
we have the result. Q.E.D.
= < <THEOREM 3.1. The group SrQ has the possible maximal rank TrT0
= < <y 1. Hence the rank of the group FrQ is also TrT y 1.0
< <Proof. Since the number of the cusps on the curve X is TrT , theT 00
= < <rank of SrQ is at most TrT y 1. Let S be the subgroup of S0 12 M
generated by all the functions h12 M. Then it is sufficient to prove that ther
< <rank of S is TrT y 1. Since R is generated by the elements r y 1,12 M 0 0
 .   ..by 2 of Proposition 2.4 we have w div S s 12 MR u . Since u is12 M 0
 .  . < <invertible, we have rank R u s rank R s TrT y 1. This proves the0 0 0
theorem. Q.E.D.
As a consequence of this theorem, we have F s C= F. In fact, sinceC
F rC= F is a finite group, if g g F , then some power of g belongs toC C
= C F. This implies that the Fourier coefficients of g up to a constant
. =factor belong to Q. Hence we have g g C F.
m r .  .Let g s  h be a product of the functions h , where m r arer r r
rational integers. Since h s 1, we can omit h from the product. Then,w1x w1x
m r .  .Theorem 3.1 implies that  h s 1 if and only if m r s 0 for allr / w1x r
w x w xr / 1 . Hence the expression of g as a product of h with r / 1 isr
unique.
w xRemark. In the case T s 1, this theorem is proved in 6, Theorem 2 .0
The method of the proof is different from ours.
2. Next we prove the divisibility of the group generated by h . For anyr
` i ’ .  .  w x.function f of the form f t s  c t c / 0 t s exp 2p itr M , putisk i k
 .  .  k . X X 2f * t s f t r c t s 1 q c t q c t q ??? , which we call the reducedk 1 2
form of f.
  p..  . 2PROPOSITION 3.1. Let f * t s 1 q a t q a t q ??? be the reducedr 1 2
 p. w x w x w x w xform of f . Then a s 1 if r s 1 / p ,s y1 if r s p / 1 , s 0r 1
otherwise.
 .Proof. Let r s r j r , where r resp. r consists of all elements r1 2 1 2
 < .   p..  .in r such that p ¦ r resp. p r . Then by Proposition 2.2, f * t s f f ,r 1 2
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 `  n pr .  nr .4  ` where f s   1 y t r 1 y t and f s   1 y1 r g r ns1 2 sg r ns11 2n sr p.  n s.4t r 1 y t . The coefficient of t in the power series expansion of f1
is not zero if and only if 1 g r , and if it is the case, the coefficient is 1.1
The coefficient of t in the power series expansion of f is not zero if and2
only if p g r , and if it is the case, the coefficient is y1. From these, the2
proposition follows immediately. Q.E.D.
 .For any element a of G we denote by s a the element ofAq
 M .. wAut F corresponding to a by the Shimura exact sequence 9, Theo-
xrem 1.1 .
w xPROPOSITION 3.2. Let s and r be elements of TrT such that s / 10
w x  .and r / 1 . Let a be an element of U Section 2.1 whose type belongs to s .
 s a ..  . 2 s a .Let h * t s 1 q a t q a t q ??? be the reduced form of h . Thenr 1 2 r
a s y1 if s s r, s 0 otherwise.1
w x w xProof. Let us write r s p ??? p , where p , . . . , p are prime factors1 k 1 k
w xof M. We assume that the expression is the shortest one. Since r / 1 , we
 .have k P 1. By the choice of the expression, for any subset S / B of
 4p , . . . , p we have1 k
w x w xp / 1 , 3.3 .
pgS
w x w x  .and in particular p / 1 for all i. By 2 of Proposition 2.3, we havei
h s f  p1. ??? f  pk . ? c , where c is a constant. Then by Proposition 2.1,r w p x ??? w p x w1x 1 12 k
we have hs a . s f  p1. ??? f  pk . ? c , where c is a constant. Put s sr w p x ??? w p xs s 2 2 i2 kw x w x  .p ??? p s for each i with 1 O i O k y 1 and s s s . Let a i be theiq1 k k
coefficient of t in the reduced form of f  pi. for all i. We divide the cases i
into the following two:
 . w x  4I s /  p for any S ; p , . . . , p .pg S 1 k
 . w x  4II s s  p for some S ; p , . . . , p .pg S 1 k
w x w xCase I. In this case we have s / r. Since s / p or 1 for all i, wei i
 .  . k  .have a i s 0 1 O i O k by Proposition 3.1. Hence a s  a i s 0.1 is1
 4 Case II. Reordering p , . . . , p , we assume S s p , p , . . . , p 1 O1 k l lq1 k
.  w x. w x w xl O k . Note S / B because s / 1 . Then s s p ??? p . First, let usl k
consider the case s / r. Then we have l P 2 and k P 2. If 1 O i O l y 2
w x w x  .or l q 1 O i O k, then we have s / p or 1 , whence a i s 0 byi i
w xProposition 3.1. Because, for example, if 1 O i O l y 2 and s s 1 , theni
w x w x w x w x w x w xwe have s s p ??? p s p ??? p . This implies p ??? p siq1 k l k iq1 ly1
w x  .1 , which contradicts 3.3 . The other cases can be shown similarly. If
w x  .i s l y 1, then we have s s 1 , which implies a l y 1 s 1 by Proposi-ly1
w x  .tion 3.1. If i s l, then we have s s p , which implies a l s y1 byl l
k  .  .  .Proposition 3.1. Thus we have a s  a i s a l y 1 q a l s 1 q1 is1
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 .y1 s 0. This completes the proof of the case s / r. Next, we consider
w x w x w xthe case s s r. Then we have s s p ??? p , which implies s / 1 fori 1 i i
 . w x  .all i by 3.3 . The equation s s p occurs only when i s 1 by 3.3 .i i
 .Hence, by Proposition 3.1, we have a i s y1 if i s 1, s 0 if i / 1. Thus
k  .  .a s  a i s a 1 s y1. This completes the proof. Q.E.D.1 is1
In the following theorem we call a function contained in the field F M .
 w x.see 9, Sect. 1 a modular function.
THEOREM 3.2. Let g be a modular function which satisfies g l s
m r .  . h , where l is a positi¨ e integer and m r are integers. Thenr g T r T , / w1x r0
 .  .  w x.m r ' 0 mod l for all r g TrT , / 1 . Hence we ha¨e g s0
m9 r .  .  .c h , where m9 r s m r rl and c is a nonzero constant.r g T r T , / w1x r0
w xProof. Let s be any element of TrT such that s / 1 . Let a be any0
 s a .. lelement of U whose type belongs to s . Then we have g s
 s a ..m r . h , whencer / w1x r
 .m rls a . s a .g * s h * . 3.4 . 4 .  5 . r
w xr/ 1
 s a ..Let g * s 1 q a t q ??? and let 1 q b t q ??? be the right-hand side1 1
 . s a .  p. Xof 3.4 . Since h can be written as a product of the functions f upr r
.  .to a constant , the coefficients b i s 1, 2, . . . are rational integers.i
 . s a .Hence, a i s 1, 2, . . . are rational numbers. Since g is a modulari
w xunit, by a consequence of a theorem of Shimura 4, Chap. 4, Lemma 3.1 ,
 .the coefficients a i s 1, 2, . . . have bounded denominators. Then byi
 .3.4 and the Gauss lemma for power series with bounded denominators,
 .we see that the coefficients a i s 1, 2, . . . are rational integers. Byi
 .  .  .Proposition 3.2, we have b s ym s . Hence ym s ' 0 mod l . Since1
s is arbitrary, this proves the theorem. Q.E.D.
3. Now we can prove S s F.
THEOREM 3.3. The subgroup S of F coincides with F. Namely, e¨ery
 .modular unit in the field F T can be written as a product of the functions h0 r
and a rational number.
Proof. Let g be an arbitrary element of F. Then, by Theorem 3.1 a
power of g belongs to S . By Theorem 3.2, g can be written as a product
of the functions h and a nonzero constant c. Since the Fourier coeffi-r
cients of g are rational numbers, the constant c is also a rational number.
This proves the theorem. Q.E.D.
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4. DETERMINATION OF THE UNIT GROUP
 .1. By Theorem 3.3 every modular unit in the field F T can be0
written as a product of the functions h and a rational number. In thisr
section we determine the condition under which a product of the functions
h belongs to the unit group F in the case T s 1. But for the moment wer 0
proceed without any condition on T .0
Let p be a prime factor of M and let r be an element of TrT . Since0
  p..12 p 12 Mthe functions f and h are automorphic functions with respect tor r
the group G , we have the characters F p. and C of G which areT r r T0 0 p.  ..  p. .  p. .   ..  .  .defined by f a t s F a f t and h a t s C a h t .r r r r r r
 w x.  .For each r / 1 , let m r be a rational integer. Put
g s hm r . . 4.1 . r
w xrgTrT , / 10
Since the Fourier coefficients of h are rational numbers, g belongs to Fr
if and only if g is an automorphic function with respect to G . ThisT0
condition is equivalent to
C m r . a s 1 for all a g G . 4.2 .  . r T0w xrgTrT , / 10
w x w x  .Let r s p ??? p , where p are prime factors of M. Then, by 2 of1 k i
Proposition 2.3 we have
C s F p1. F p2 . ??? F pk . . 4.3 .r w p x ??? w p x w p x ??? w p x w1x2 k 3 k
 p.  .LEMMA 4.1. The character F is tri¨ ial on the group G 12 p O if p / 2r
 .  .or 3, G 12 O if p s 3, and G 48 O if p s 2.
 .  p.Proof. By 2.10 , f is a product of Siegel functions with respect tor
 . w 2 xthe ideal J up to a constant . Since 2 L , 12 s 12 p, 12, 48, according asp Jp
p / 2 or 3, p s 3, and p s 2, respectively, we have the result by Proposi-
tion 1.3. Q.E.D.
Ä e<Let e s 2 if 2 ¦ M and s 4 if 2 M. Put M s 2 ? 3 ?  p, where p runs
through all prime factors of M such that p / 2 or 3.
LEMMA 4.2. The characters F p. and C are tri¨ ial on the groupr r
Ä ."G MO .
 p. y1 0 y1 0 ..  ..Proof. Obviously, we have F s C s 1. The trivial-r r0 y1 0 y1
Ä .  .ity on the group G MO follows from 4.3 and Lemma 4.1. Q.E.D.
 .Lemma 4.2 implies that in the condition 4.2 it is sufficient to take all
Ä .a g G which generate the factor group G r" G MO .T T0 0
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In this paper we shall calculate the cuspidal class number in the case
T s 1. However, for the sake of generality, when T is not necessarily 1,0 0
 p. .we determine the value F a for a whose type is 1.r ’ .The group G consists of all elements of G M whose type is 1. The1
Ä .factor group G rG MO is isomorphic to the direct product of the groups1
f Ä .G rG q O , where q runs through all prime factors of M and f satisfies1
f Ä5  .q M. It is easy to verify that the factor group G rG qO is generated by1
y11 0 d 0’1 M .  .  .  .  .  .the elements mod qO , mod qO , and mod qO if q’M 1 0 d0 1
 e .is a prime / 2, and the factor group G rG 2 O is generated by the1
y11 0e e e y1 05 0’1 M .  .  .  .  .  .  .elements mod 2 O , mod 2 O , mod 2 O , and’M 1 0 y10 50 1
 e .mod 2 O . Here d denotes a primitive root mod q.
Ä f Ä5For each prime factor q of M with q M, let a , b , g be elements ofq q q
y11 0f f d 0’1 M .  .  .  .  .G such that a ' mod q O , b ' mod q O , g '’M 11 q q q 0 d0 1
f 1 0 yf Ä .  .  .mod q O , and a ' b ' g ' mod q MO , where d denotes aq q q 0 1
primitive root mod q if q / 2 and s 5 if q s 2. Let g X be an element of2
X y1 0 e X 1 0 ye Ä .  .  .  .G such that g ' mod 2 O and g ' mod 2 MO . Then1 2 20 y1 0 1
X Ä .these elements a , b , g , g generate the factor group G rG MO . Sinceq q q 2 1
X qy1.r2 y1 0 Ä .  .g =  g ' mod MO , the elements a , b , gÄ2 q < M , q / 2 q q q q0 y1
Ä .generate the factor group G r" G MO .1
2. We calculate the values of F p. and C for elements a , b , andr r q q
g .q
 p. .  p. .  p. .LEMMA 4.3. If q / 2, 3, p, then F a s F b s F g s 1.r q r q r q
 p. .If p / 2, then F g s 1.r 2
Proof. Let q / 2, 3, p. Then the elements a , b , and g belong toq q q
 .  .  .G 12 p O , G 12 O , and G 48 O , according as p / 2 or 3, p s 3, and
p s 2, respectively. Hence Lemma 4.1 implies the results. Similarly, the
 .  .element g belongs to G 12 p O and G 12 O according as p / 2 or 3 and2
p s 3, respectively. Hence Lemma 4.1 implies the results. Q.E.D.
 . <T0 <Let D s 1 if p / 2 and s y1 if p s 2.p
 p. . w  . .xLEMMA 4.4. F a s D exp y 2p ir8  s y  r .r 2 p sg p r . r g r
 .  .Proof. We divide the case into I p / 2 and II p s 2.
 .  .Case I. Since a g G J , we have by 2.10 and Proposition 1.1,2 p
F p. a s « a c a . 4.4 .  .  .  . r 2 u 2 r 2 5
 r .rgr ugRJp
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’1 q ap b M .  .  .Write a s . Since a ' d ' 0 mod 2 , b ' 1 mod 2 , b ' 02 ’c M 1 q dp
 .  .  .  . w . xmod p , and c ' 0 mod 2 p , we have by 1.8 , « a s exp 2p ir2 j ,u 2
  ..   .. 2   ..  .  .where j ' x rr m, r q rr m, r x ' rr m, r x 1 q x ' 0 mod 2Z .
 .  .  .Hence, « a s 1. Next, since ap ' dp ' c ' 0 mod 12 , we have c au 2 r 2
w . x  .  .  .s exp 2p ir12 br by 1.5 . Since b ' 0 mod 3 and b ' 1 mod 4 , we
 .  .can write b s 3b with b ' y1 mod 4 . Hence, c a s1 1 r 2
1 r .w  . x < <  .  .exp y 2p ir4 r . Since R s p y 1 , we have by 4.4 ,J 2p
2p i 2p i
1 p.F a s exp y r ? p y 1 s exp y pr y r . .  .  r 2 2  /4 8rgr rgr rgr
2  .  .Since p / 2, we have p ' 1 mod 8 , which implies pr ' p( r mod 8 .
When r runs through r, the element s s p( r runs through the coset
 .p r. This proves Case I.
 .Case II. By 2.10 and Proposition 1.1, we have
f 2. a t s c2. c a g t . 4.5 .  .  .  . .  r 2 r r 2 ua 52
 r .rgr ugRJ2
 . w  . xSimilarly to the Case I, we have c a s exp y 2p ir4 r . Next wer 2
1 1 1 11. 2. 3.’ ’ ’ ’ .  .  .consider g . Put u s 0, r* , u s r , r* , u s r , 0 , andua 4 2 4 42
1 14. ’ ’ .u s r , r* . Write4 2
’1 q 16a b M
a s .2  /’16c M 1 q 16d
1. 1. 1. ’When 2 ¦ r and u s u , we have u a s u q ¨ , where ¨ s 4cr* r , 4d2
1.’ .  . 1. 1.r* , whence « u , ¨ s 1. By Proposition 1.1, we have g s g su a u q¨2
 1. . 2. 2. 2.1. 1.« u , ¨ g s g . When 2 ¦ r and u s u , we have u a s yu q ¨ ,u u 2
’ ’ .  . . .where ¨ s 1 q 8 a q 4 cr* r , br q 1 r2 q 4 d r* , whence
 2. . w . .x 2.« yu , ¨ s exp 2p ir2 1 y rr4 . By Proposition 1.1, we have g su a 2
 2. .  2. . w  . x2. 2. 2. 2.g s « yu , ¨ g s y« yu , ¨ g s exp y 2p ir8 r g .yu q¨ yu u u
< 3. 3. 4.When 2 r and u s u , we have u a s u q ¨ , where ¨ s2
54.’ ’  . . .  . w  .x4a r , 1r2 brr2 y 1 r* , whence « u , ¨ s exp 2p ir8 ? rr2 y 1 .2
 4. . w3. 4. 4.By Proposition 1.1, we have g s g s « u , ¨ g s exp 2p ir8 ?u a u q¨ u2
 . .x < 4. 4. 3.4.5r2 rr2 y 1 g . When 2 r and u s u , we have u a s u q ¨ ,u 2
3.’ ’ .  . . . .  .where ¨ s 4a q 8cr* r , 1r2 brr2 q 1 q 8d r* , whence « u , ¨
w  . .x 4.s exp 2p ir8 ? 5r2 rr2 q 1 . By Proposition 1.1, we have g su a 2
 3. . w  . .x  .3. 3. 3.g s « u , ¨ g s exp 2p ir8 ? 5r2 rr2 q 1 g . Let r9 resp. r0u q¨ u u
 .be the set of all r g r which is not divisible by 2 resp. divisible by 2 . Then
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 .by 4.5 , we have
2p i 2p i 2p i r
2.F a s exp y r ? exp y r ? exp ? 5 . .   r 2 2 8 8 2rgr rgr 9 rgr 0
By easy calculation, we have
2p i r 2p i r
2.F a s exp r q ? exp y r y .    r 2  /  /2 2 8 2rgr 9 rgr 0 rgr 9 rgr 9
2p i r< <T0s y1 ? exp y r y . .   /8 2rgr 9 rgr 0
Since 2( r s 2 r or rr2 according as r g r9 or r g r0, we have
r
s y r s 2 r q y r q r      5 52 . rgr rgr 9 rgr 0 rgr 9 rgr 0sg 2 r
r
s r y .  2rgr 9 rgr 9
This proves Case II. Q.E.D.
 p. . w . .xLEMMA 4.5. F a s D exp 2p ir6  s y  r .r 3 p sgw p x r r g r
 .  .Proof. We divide the proof into I p / 2 and II p s 2.
 .  .Case I. Since a g G J , we have by 2.10 and Proposition 1.1,3 p
F p. a s « a c a . 4.6 .  .  .  . r 3 u 3 r 3 5
 r .rgr ugRJp
’1 q ap b M .  .  .Write a s . Since ap ' dp ' c ' 0 mod 12 , we have c a3 r 3’c M 1 q dp
w . x  .  .  .s exp 2p ir12 br by 1.5 . Since b ' 0 mod 4 and ' 1 mod 3 , we can
 .  . w . xwrite b s 4b with b ' 1 mod 3 . Hence, c a s exp 2p ir3 r . Next,1 1 r 3
 .  .  .  .since a ' d ' b ' 0 mod 2 and c ' 0 mod 2 p , we have by 1.8 « au 3
w . x    ...  .4 2  .s exp 2p ir2 j , where j ' b rr p, r r p, r x mod 2Z . Here, we
 .  .divide Case I into I-1 p / 3 and I-2 p s 3.
 .  .Case I-1. Since b ' 0 mod 2 p , we have j ' 0 mod 2Z , whence
1 p. .  .  . w .  .x« a s 1. By 4.6 , we have F a s  exp 2p ir3 r ? p y 1u 3 r 3 r g r 2
w . .x 2s exp 2p ir6  pr y  r . Since p / 2 and 3, we have p ' 1r g r r g r
 .  .mod 6 , which implies pr ' p( r mod 6 . When r runs through r, the
 .element s s p( r runs through the coset p r. This proves Case I-1.
TOSHIKAZU TAKAGI198
 .Case I-2. Let r9 resp. r0 be the set of all r g r which is not divisible
 .  .  .by 3 resp. divisible by 3 . If r g r9, then j ' 0 mod 2Z , whence « au 3
  ..  .s 1. If r g r0, then x s 1 and j ' b rr3 r3 mod 2Z . Since b ' 0
 .  .  .mod 2 and ' 1 mod 3 , we can write b s 2b with b ' y1 mod 3 .2 2
 . w . .x  .Hence, « a s exp 2p ir3 yrr3 . By 4.6 , we haveu 3
2p i 2p i r
3.F a s exp r ? exp y .  r 3  /3 3 3rgr rgr 0
2p i r
s exp 2 r y 2 .  /6 3rgr rgr 0
Since 3( r s 3r or rr3 according as r g r9 or r g r0, we have  s 'sg 3.r
 . rr3 ' y2 rr3 mod 3 . Hence,  s y  r ' 2 rr g r 0 r g r 0 sg 3.r r g r r g r
 .  .y 2 rr3 mod 3 . Since 3( r ' r mod 2 for any r g r, we haver g r 0
 . s y  r ' 0 ' 2 r y 2 rr3 mod 2 . Thus we havesg 3.r r g r r g r r g r 0
 . s y  r ' 2 r y 2 rr3 mod 6 . This proves Case I-2.sg 3.r r g r r g r r g r 0
 .  .Case II. Since a g G J , by 2.10 and Proposition 1.1 we have3 2
F2. a s « a c a . 4.7 .  .  .  . r 3 u 3 r 3 5
rgr ugR  r .J2
 .  2 .  .Since a g G 16 O s G 2 L O , we have « a s 1 by Proposition 1.3.3 J u 32
Write
’1 q 4a 2b M
a s .3  /’2c M 1 q 4d
 .  . w . xSince 4a ' 4d ' 2c ' 0 mod 12 , we have c a s exp 2p ir6 br byr 3
 .  .  .1.5 . Since 2b ' 0 mod 4 and ' 1 mod 3 , we can write b s 2b with3
 .  . w . x  . 2. .b ' 1 mod 3 . Hence, c a s exp 2p ir3 r . By 4.7 , we have F a3 r 3 r 3
w x w . .x  .s  exp 2p ir3 ? 2 r s exp 2p ir3 2 r . Let r9 resp. r0 ber g r r g r
 .the set of all r g r which is not divisible by 2 resp. divisible by 2 . Since
r
s y r s 2 r q y r q r      5 52w x rgr rgr 9 rgr 0 rgr 9 rgr 0sg 2 r
r r
s r y ' r q 2 ' r    2 2rgr 9 rgr 0 rgr 9 rgr 0 rgr
mod 3 , .
CUSPIDAL CLASS NUMBER FORMULA 199
2. . w .  .x 2. .we have F a s exp 2p ir3 ? 2  s y  r . Hence, F ar 3 sgw2x r r g r r 3
w . .x w . .xs exp 2p ir2  s y  r ? exp 2p ir6  s y  r .sgw2x r r g r sgw2x r r g r
< <  .Since  s y  r s  r y  rr2 ' T mod 2 , we havesgw s x r r g r r g r 9 r g r 0 0
w . .x  . <T0 <exp 2p ir2  s y  r s y1 . This proves Case II. Q.E.D.sgw2x r r g r
 p. .LEMMA 4.6. If p / 2 or 3, then F a s 1.r p
 .  .Proof. Since a g G J , we have by 2.10 and Proposition 1.1,p p
F p. a s « a c a . 4.8 .  .  .  . r p u p r p 5
 r .rgr ugRJp
 .  .Since a g G 12 O , by Proposition 1.3 we have c a s 1. Next, writep r p
’1 q ap b M
a s .p  /’c M 1 q dp
 .  .  .Since a ' d ' b ' 0 mod 2 and c ' 0 mod 2 p , we have by 1.8 ,
 . w . x    ...  .4 2  .« a s exp 2p ir2 j , where j ' b rr p, r r p, r x mod 2Z .u p
 .Let r9 resp. r0 be the set of all r g r which is not divisible by p
 .  .  .resp. divisible by p . If r g r9, then j ' 0 mod 2Z , whence « a s 1.u p
 .Let r g r 0 . If we write b s 2 b , then we have « a s1 u p
w .  . 2 x  .exp 2p irp b rrp x . Hence, by 4.8 we have1
 .py1 r2 2p i r
 p. 2F a s exp b x .  r p 1  / 5p prgr 0 xs1
 .py1 r22p i r
2s exp b x . 1  /p prgr 0 xs1
 py1.r2 2  2 .Since p / 2 or 3,  x s p y 1 r24 ? p is an integer which is axs1
 p. .multiple of p. Thus we have F a s 1. Q.E.D.r p
 .  p. . w . .xLEMMA 4.7. 1 F b s D exp 2p ir8  s* y  r* .r 2 p sgw p x r r g r
 .  p. . w  . .x2 F b s D exp y 2p ir6  s* y  r* .r 3 p sgw p x r r g r
 .  p. .3 If p / 2 or 3, then F b s 1.r p
 .  .  .Proof. Since the proofs of 1 , 2 , and 3 are similar to those of
Lemmas 4.4, 4.5, and 4.6, respectively, we omit them. Q.E.D.
2. .  . <T0 <LEMMA 4.8. F g s y1 .r 2
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 .  .Proof. Since g g G J , we have by 2.10 and Proposition 1.1,2 2
F2. g s « g c g . 4.9 .  .  .  . r 2 u 2 r 2 5
 r .rgr ugRJ2
 .  .Since g g G 12 O , by Proposition 1.3 we have c g s 1. Next, write2 r 2
’1 q 4a 2b M
g s .2  /’2c M 1 q 4d
 .  .  . w . xSince b ' c ' 0 mod 8 , we have by 1.8 , « g s exp 2p ir2 j , whereu 2
 .  .  .  .j ' a 2, r* x q d 2, r y y axy mod 2Z . Let r9 resp. r0 be the set of all
 .r g r which is not divisible by 2 resp. divisible by 2 . If r g r9, then y s 1
 .and x s 0, 1. If r g r0, then x s 1 and y s 0, 1. Hence, by 4.9 we have
2p i 2p i
2.F g s exp d ? exp d y a .  .r 2  52 2rgr 9
2p i 2p i
? exp a ? exp a y a .  52 2rgr 0
2p i
s exp a . 2rgr
y1  .  .Since 1 q 4a ' 5 ' 13 mod 16 , we have a ' 1 mod 2 . This implies
2. .  . < r <  . <T0 <F g s y1 s y1 . Q.E.D.r 2
 p. .LEMMA 4.9. If p / 3, then F g s 1.r 3
 .  .Proof. Since g g G J , we have by 2.10 and Proposition 1.1,3 p
F p. g s « g c g . 4.10 .  .  .  . r 3 u 3 r 3 5
 r .rgr ugRJp
 2 .  .Since g g G 2 L O , we have « g s 1 by Proposition 1.3. Next, write3 J u 3p
 r . a b .  .  .  .g s . Since b ' c ' 0 mod 12 and d ' 1 mod 4 , we have c g3 r 3c d
 .  .  p. .s 1 by 1.5 . Hence, by 4.10 we have F g s 1. Q.E.D.r 3
Let p be an odd prime and let d be a primitive root mod p. Let x be an
1  .integer satisfying 1 O x O p y 1 . Then there exists a unique integer k2
1  .  .which satisfies both 1 O k O p y 1 and dx ' "k mod p . We denote2
 .  .it by k x , and call x to be a positive type resp. negative type with respect
 .  . w  .  .xto d if dx ' k x mod p resp. dx ' yk x mod p .
 p. .The following lemma will be used in the calculation of F g .r p
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LEMMA 4.10. Let p be an odd prime and let d be a primiti¨ e root mod p.
1  ..Then the number of x 1 O x O p y 1 which is of negati¨ e type with2
respect to d is odd.
Proof. Let h be the number of x which is of negative type. Then we
 py1.r2  .h  py1.r2  .  .  py1.r2have  dx ' y1 =  k x mod p . Since  x 'xs1 xs1 xs1
 py1.r2  .  .  py1.r2  .h  . k x mod p , we have d ' y1 mod p . On the otherxs1
 py1.r2  .hand, since d is a primitive root mod p, we have d ' y1 mod p .
 .h  .Hence, y1 ' y1 mod p . Since p / 2, this implies h is odd. Q.E.D.
 p. .  . <T0 <LEMMA 4.11. F g s y1 .r p
Proof. Since the case p s 2 is proved in Lemma 4.8, we assume p / 2.
 .By 2.10 and Proposition 1.1, we have
f  p. g t s c g g t . 4.11 .  .  .  . .  r p r p ug 5p
 r .rgr ugRJp
Write
’a bp M
g s .p  /’cp M d
 .Then a and d are primitive roots mod p. Since bp ' cp ' 0 mod 12 and
 .  .  .d ' 1 mod 4 , we have c g s 1 by 1.5 . Now we consider g . Let r9r p ug p
 . resp. r0 be the set of all r g r which is not divisible by p resp. divisible
 r . ’.   . .by p . Let r g r9. Then each element of R is of the form 0, yrp r*Jp1  .with 1 O y O p y 1 , which we write u . When y is of positive type0, y2
 .with respect to d, we have dy s k y q pl with an integer l. Then
 .  .l ' y q k y mod 2 . We have u g s u q ¨ with ¨ s0, y p 0, k  y .’ ’ .cr*y r , l r* , whence
2p i 2p i
« u , ¨ s exp l s exp y q k y . .  . .0, k y . 2 2
By Proposition 1.1, we have
2p i
g s « u , ¨ g s exp y q k y g . .  . .u g 0, k y . u u0 , y p 0 , k  y . 0 , k  y .2
 .When y is of negative type with respect to d, we have dy s yk y q pl
 .  .with an integer l. Then l ' y q k y mod 2 . We have u g s yu0, y p 0, k y .’ ’ .q ¨ with ¨ s cr*y r , l r* , whence
2p i 2p i
« yu , ¨ s exp l s exp y q k y . .  . .0, k y . 2 2
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By Proposition 1.1, we have
g s « yu , ¨ g s y« yu , ¨ g .  .u g 0, k y . yu 0, k y . u0 , y p 0 , k  y . 0 , k  y .
2p i
s yexp y q k y g . . . u0 , k  y .2
Let h be the number of y which is of negative type. Then we have
 .  .  .py1 r2 py1 r2 py1 r22p ihg s y1 exp y q k y ? g . .  . .  u g u0 , y p 0 , k  y .2ys1 ys1 ys1
Since
 .py1 r2 2p i
exp y q k y . . 2ys1
 .  .py1 r2 py1 r22p i
s exp y q k y s 1, .  /2 ys1 ys1
 .  .py1 r2 py1 r2
g s g , u u0 , k  y . 0 , y
ys1 ys1
and h is odd by Lemma 4.10, we have
 .  .py1 r2 py1 r2
g s y1 g . 4.12 .  . u g u0 , y p 0 , y
ys1 ys1
 r . ’ . .Next, let r g r0. Then each element of R is of the form xrp r , 0Jp1  .with 1 O x O p y 1 , which we write u . Similarly to the case ofx, 02
r g r9, we have
 .  .py1 r2 py1 r2
g s y1 g . 4.13 .  . u g ux , 0 p x , 0
xs1 xs1
 .  .  .  p. .  .Thus by 4.11 , 4.12 , and 4.13 , we have F g s  y1 ?r p r g r 9
 .  . <T0 < y1 s y1 . Q.E.D.r g r 0
By Lemmas 4.3]4.9 and 4.11, we have the following
PROPOSITION 4.1. Let p be a prime factor of M and let r be an element of
ÄTrT . Then for each prime factor q of M, we ha¨e0
¡ 2p i
D exp y s y r , if q s 2, p  /8 w x rgrsg p r
 p. ~F a s . 2p ip q
D exp s y r , if q s 3, p  /6 w x rgrsg p r¢1, if q / 2 or 3,
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¡ 2p i
D exp s* y r* , if q s 2, p  /8 w x rgrsg p r
 p. ~F b s . 2p ip q
D exp y s* y r* , if q s 3, p  /6 w x rgrsg p r¢1, if q / 2 or 3,
and
< <T0y1 , if q s p , . p.F g s .r q  1, if q / p.
 .By 4.3 we obtain the values of C for elements a , b , and g . Letr q q q
w x w xr s p ??? p , where p are prime factors of M. For the sake of1 k i
 .convenience, put D s D ??? D . This definition is well defined. Thenr p p1 k
D s 1 if T / 1. When T s 1, we identify r with its unique representa-r 0 0
tive and regard r as a factor of M. In this case, D s 1 if 2 ¦ r and s y1r
<  . ry1if 2 r ; in other words, D s y1 .r
PROPOSITION 4.2. Let r be an element of TrT . Then for each prime0
Äfactor q of M, we ha¨e
¡ 2p i
D exp y s y r , if q s 2, r  /8 sgr w xrg 1~C a s . 2p ir q
D exp s y r , if q s 3, r  /6 sgr w xrg 1¢1 if q / 2 or 3.
¡ 2p i
D exp s* y r* , if q s 2, r  /8 sgr w xrg 1~C b s 2p i .r q
D exp y s* y r* , if q s 3, r  /6 sgr w xrg 1¢1 if q / 2 or 3,
and
<y1, if T s 1 and q r ,0C g s .r q  1, otherwise.
 .Proof. This proposition follows immediately from 4.3 and Proposition
4.1. Q.E.D.
3. Henceforth, we assume T s 1.0
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 .  .THEOREM 4.1. Let T s 1. For each factor r / 1 of M, let m r be a0
rational integer. Put g s  hm r .. Then the function g belongs to ther N M , r /1 r
 .  .group F of all modular units in the field F 1 if and only if the integers m r
satisfy the conditions
 .  .  .  .i  r y 1 m r ' 0 mod 24 ,r : r /1
 .  .  .  .ii  r* y M m r ' 0 mod 24 ,r : r /1
 .  .  .iii for each prime factor q of M,  m r ' 0 mod 2 .r : r ' 0 q.
Proof. The condition that g belongs to F is equivalent to the condition
 .that 4.2 holds for elements a s a , b , and g . By Proposition 4.2 it isq q q
sufficient to consider the substitution of a s a , a , b , b , and g . Put2 3 2 3 q
 .a s a in 4.2 . Since2
2p i
m r .D s exp y ? 4 r y 1 m r , .  . r 8r : r/1 r : r/1
w  . we have by Proposition 4.2 the equation exp y 2p ir8 ? 5 r yr : r /1
.  .x  .  .  .1 m r s 1. This implies  r y 1 m r ' 0 mod 8 . Similarly, ther : r /1
 .  .  .substitution a s a in 4.2 gives the congruence  r y 1 m r ' 03 r : r /1
 .  .mod 3 . Thus we have the congruence in i of the theorem. The congru-
 .ence in ii of the theorem is obtained by the substitution a s b and b2 3
 .  .  .in 4.2 with the help of the congruence in i . The congruences in iii of
 .the theorem are given by the substitution a s g in 4.2 . Q.E.D.q
Remark. The sufficiency of the conditions in this theorem was also
w x w  . x w x proved in 6, Theorem 1 in the case M, 6 s 1 and 7, Theorem 1 in
.the case of general M .
 .  .PROPOSITION 4.3. For each factor r / 1 of M, let m r be a rational
 .  .  .  .integer. Then the integers m r satisfy conditions i , ii , and iii of Theorem
4.1 if and only if they satisfy the conditions
 .  .  .  .i  r y 1 m r ' 0 mod 24 ,r : r /1
 .  .  .ii for each prime factor q of M,  m r ' 0 mod 2 ,r : r ' 0 q.
 .  .  .iii if 2 di¨ ides M, then  rm 2 r ' 0 mod 8 ,r :  r , 2.
 .  .  .iv if 3 di¨ ides M, then  rm 3r ' 0 mod 3 .r :  r , 3.s1
 .  .  .  .  .Proof. Let us denote by T-i , T-ii , and T-iii the conditions i , ii ,
 .  .  .and iii of Theorem 4.1, respectively, and also denote by P-i , P-ii ,
 .  .  .  .  .  .P-iii , and P-iv the conditions i , ii , iii , and iv of the proposition,
 .  .  .  .respectively. Then T-i is the same as P-i , and T-iii is the same as P-ii .
 .  .It is sufficient to prove that the combination of T-i and T-ii is equiva-
 .  .  .  .lent to the combination of P-i , P-iii , and P-iv . We denote by T-i-2
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w  .x  .resp. T-i-3 the condition that the image of the congruence in T-i by
 .  .the reduction mod 8 resp. mod 3 holds. Similarly, we denote by T-ii-2
w  .x  .resp. T-ii-3 the condition that the image of the congruence in T-ii by
 .  . wthe reduction mod 8 resp. mod 3 holds. We also denote by P-i-2 resp.
 .x  . w  .x  .  .  .P-i-3 the condition T-i-2 resp. T-i-3 . Then T-i-2 q T-i-3 s T-i ,
 .  .  .  .  .  .T-ii-2 q T-ii-3 s T-ii , and P-i-2 q P-i-3 s P-i , where the plus
sign denotes the combination of conditions and the equals sign denotes the
equivalence of conditions.
 .  .  .Case I. Assume M, 6 s 1. Then Mr* ' r mod 8 and ' r mod 3 .
2  .  .In particular, M ' 1 mod 8 and ' 1 mod 3 . Multiplying the congru-
 .  .  .ences in T-ii-2 and T-ii-3 by M, we have the congruences in T-i-2 and
 .  .  .T-i-3 , respectively. Since M mod 8 and M mod 3 are invertible, we
 .  .  .  .  .  .have T-ii-2 s T-i-2 and T-ii-3 s T-i-3 , namely T-ii s T-i . This
 .  .  .  .  .  .proves T-i q T-ii s P-i s P-i q P-iii q P-iv .
 .Case II. Assume M, 6 s 2. If we write M s 2 M , then M r* ' 2 r2 2
 .  .  . <mod 8 if 2, r s 1 or ' rr2 mod 8 if 2 r. In particular, M M ' 22
 .  .mod 8 . Multiplying the congruence in T-ii-2 by M , we have2
2 r y 2 m r q r y 2 m 2 r ' 0 mod 8 . 4.14 .  .  .  .  .  . 
 .  .2, r s1 2, r s1
r/1
 .  .  .Since M mod 8 is invertible, the validity of 4.14 is equivalent to T-ii-2 .2
 .Also multiplying the congruence in T-i-2 by 2, we have
2 r y 2 m r q 4 r y 2 m 2 r ' 0 mod 8 . 4.15 .  .  .  .  .  . 
 .  .2, r s1 2, r s1
r/1
 .  .  .By 4.14 and 4.15 we have easily the congruence in P-iii . This implies
.  .  .  .  .T-i-2 q T-ii-2 s P-i-2 q P-iii . Similarly as in Case I, we have T-i-3
 .  .  .  .  .  .  .q T-ii-3 s P-i-3 s P-i-3 q P-iv . Thus we have T-i q T-ii s P-i
 .  .q P-iii q P-iv .
 .  .  .Case III. Assume M, 6 s 3. Since r* ' 0 mod 3 if r, 3 s 1, the
 .congruence in T-ii-3 becomes
3r *m 3r ' 0 mod 3 . 4.16 .  .  .  .
 .r , 3 '1
 .  .  .If we write M s 3M , then M 3r * ' r mod 3 . Multiplying 4.16 by M ,3 3 3
 .  .we have the congruence in P-iv . Since M mod 3 is invertible, we see3
 .  .  .  .  .T-ii-3 s P-iv . Similarly as in Case I, we have T-i-2 q T-ii-2 s P-i-2
 .  .  .  .  .  .  .s P-i-2 q P-iii . Thus we have T-i q T-ii s P-i q P-iii q P-iv .
TOSHIKAZU TAKAGI206
 .  .Case IV. Assume M, 6 s 6. Similarly as in Case II, we have T-i-2 q
 .  .  .  .T-ii-2 s P-i-2 q P-iii . Also similarly as in Case III, we have T-ii-3 s
 .  .  .  .  .  .P-iv . Thus we have T-i q T-ii s P-i q P-iii q P-iv . Q.E.D.
By Theorems 3.3, 4.1 and Proposition 4.3, we have the characterization
of the unit group F.
THEOREM 4.2. Let T s 1. Then the unit group F consists of all functions0
g of the form g s c hm r ., where c is a nonzero rational number andr < M , r /1 r
 .  .  .  .  .m r are rational integers satisfying the conditions i , ii , iii , and iv of
Proposition 4.3.
5. CALCULATION OF THE CUSPIDAL CLASS NUMBER
1. In this section we calculate the cuspidal class number of the curve
 .X , namely, that of the modular curve X M . We can reduce the problem1 0
of calculating the cuspidal class number to a problem of purely algebraic
nature. In this section it is assumed that T s 1.0
 .  .Let w be the isomorphism 2.4 . Then w D s R . We must determine0 0
 .  .w xthe image of div F . Let I be the set of all elements  m r r of R24 r g T 0
 .  .  .  .  .such that the integers m r satisfy the conditions i , ii , iii , and iv of
Proposition 4.3.
  ..PROPOSITION 5.1. w div F s I u .24
Proof. Let g s c hm r . be an arbitrary element of F. Byr g T , r /1 r
Proposition 2.4 we have
w x w xw div g s m r r y 1 u s m r r y m r u . .  .  .  . .  .   5
rgT rgT rgT
r/1 r/1 r/1
 .  .   ..   .w x4Put m 1 s y m r . Then w div g s  m r r u . By The-r g T , r /1 r g T
 .w xorem 4.2 the element  m r r belongs to I . Conversely, if anr g T 24
 .w xelement a s  m r r of I is given, then the function g s r g T 24 r g T ,
m r .   ..h belongs to F by Theorem 4.2 and we have w div g s au . Thisr /1 r
proves the proposition. Q.E.D.
w x wRemark. Formally, this proposition resembles 9, Proposition 4.1 , 10,
x w xProposition 7.1 , and 11, Proposition 3.1 . The difference is that in those
 .  .cases we have deg u s 0, but in the present case we have deg a s 0 for
elements a of I . We can prove that I and I u are ideals of R. In fact,24 24 24
w x   ..   s .. for g g F and s g T we have s w div g s w div g . The last equa-
.tion holds without the assumption T s 1 for any s g TrT .0 0
CUSPIDAL CLASS NUMBER FORMULA 207
2. By Proposition 5.1 the cuspidal class number is equal to the index
w xR : I u . For two lattices A and B of R , let C be a lattice contained in0 24 Q
w x w xA l B. Then A:C r B:C does not depend on the choice of C. We
w xdenote this number by A: B . It satisfies the usual multiplicative property,
w x w xw xnamely, A: B s A: D D: B . In particular, we have
w x w x w xR : I u s R : R u R u : I u . 5.1 .0 24 0 0 0 24
w x  .  w x..4PROPOSITION 5.2. R : R u s  1r24  p q x p . Here,0 0 x /1 P < M
x runs through all nontri¨ ial characters of the group T and p runs through all
prime factors of M.
Proof. Let f be the linear transformation on the vector space R m Q0
which is defined by the multiplication by u . Then by the theory of
w xelementary divisor we see that the index R : R u coincides with the0 0
absolute value of the determinant of f. Since the elements e with x / 1x
w x <  . <constitute a basis of R m Q, we have R : R u s  a x , where0 0 0 x /1
 .  .a x denotes the eigenvalue of f belonging to e . By 3.2 we havex
<  . <  .  w x..  w x. .a x s 1r24  p q x p . Note x p s "1. This completesp < M
the proof. Q.E.D.
 .Since u is invertible in the algebra R Lemma 3.1 , we haveQ
w x w xR u : I u s R : I . 5.2 .0 24 0 24
 .w xLet us denote by I , I , I , and I the set of all elements  m r r1. 2. 3. 4. r < M
 .  . w  .xof R , where the integers m r satisfy the condition ii not i , the0
 .  .  .  .  .  .  .conditions i and ii , the conditions i , ii , and iii , the conditions i , ii ,
 .  .iii , and iv of Proposition 4.3, respectively. Then I s I .4. 24
Let M s  f p be the decomposition into prime factors.is1 i
w x fLEMMA 5.1. R : I s 2 .0 1.
 .Proof. The free additive group R has two bases: I the set of0
w xelements r y 1, where r ranges over all factors of M which are not 1;
 . w x  . w xII the set of elements p y 1 i s 1, . . . , f and r y 1 y i p < r , p is
w x .p y 1 , where r ranges over all composite factors of M. Let a beprime
an element of R , which we write in two ways0
w x w xa s m r r y 1 s a p p y 1 .  . .  .  i i
w x w xq a r r y 1 y p y 1 . .  .  /
<p r , p is prime
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 .  .  .  .It is easy to see that a p s  m r if p is prime and a r s m r ifr ' 0  p.
r is composite. This shows that the element a belongs to I if and only if1.
 .  .  . fa p ' 0 mod 2 for all i s 1, . . . , f. Hence, we have R rI ( Zr2Zi 0 1.
w x fand R : I s 2 . Q.E.D.0 1.
w x  .LEMMA 5.2. I : I s 12rd, where d s 12, p y 1, . . . , p y 1 is the1. 2. 1 f
greatest common di¨ isor of 12, p y 1, . . . , p y 1.1 f
 .w x .  .Proof. For an element a s  m r r y 1 of I , put w a sr < M 1.
 . . m r r y 1 . Then w is a homomorphism from I to Z. First, wer < M 1.
 . f  . f  .prove w I s  2 p y 1 Z. Let K be the set  2 p y 1 Z. For a1. is1 i is1 i
prime factor p of M, write p9 s p y 1. Then if r s  p is the decomposi-
 .  .tion into prime factors, we have r y 1 s  1 q p9 y 1 '  p9 mod K .
 .  . .  .  . f Hence, w a s  m r r y 1 '   p9 m r '  r < M r < M p < r , p is prime is1 r ,
 .4 X  .  .  .  .m r p mod K . Since  m r ' 0 mod 2 , we have w Ir ' 0 p . i r , r ' 0 p . 1.i i
w x .; K. For each i s 1, . . . , f , put a s 2 p y 1 . Then a belongs to Ii i i 1.
 .  .  .and w a s 2 p y 1 . Hence we have w I > K. Thus, we have provedi i 1.
 .  .  .  .w I s K. Next, put f a s w a mod 24Z . By the fact we have1.
 .  .  f  .proved previously, f I s K q 24Z r24Z s  p y 1 Z q1. is 1 i
4  .12Z r12Z s dZr12Z. Since Ker f s I , we have I rI ( dZr12Z and2. 1. 2.
w xI : I s 12rd. Q.E.D.1. 2.
w x <LEMMA 5.3. The index I : I is 2 if 2 M and there exists a prime factor2. 3.
 .p of M with p ' 3 mod 4 , s 1 otherwise.
 .Proof. If 2 ¦ M, then the condition iii of Proposition 4.3 is null;
w x <hence, I s I and I : I s 1. We assume 2 M. Let us divide the case2. 3. 2. 3.
 .  .into I every prime factor p / 2 of M satisfies the congruence p ' 1
 .  .mod 4 and II there exists a prime factor p of M which satisfies the
 .congruence p ' 3 mod 4 .
 .w x .Case I. Let a s  m r r y 1 be an element of I . Since r ' 1r < M 2.
 .  .or 5 mod 8 if r is odd, by the condition i of Proposition 4.3 we have
ry1 m r ' m 2 r q 4m r qm 2 r '0 mod 8 . 4 .  .  .  .  .  .  
<  .  .r M r'1 8 r'5 8
5.3 .
 .  .  .  .Since  rm 2 r '  m 2 r q 5 m 2 r mod 8 , we haver :  r , 2.s1 r '1 8.
 .r'5 8
 .by 5.3 ,
rm 2 r ' 4 m r q m 2 r mod 8 . 5.4 4 .  .  .  .  . 
 .  .r : r , 2 s1 r'5 8
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We can write
m r s c r m r q m 2 r , 4 .  .  .  .  
 .  .  .p : p'5 8 r : r'0 p r : r , 2 s1
p is prime
 .where c r denotes the number of prime factors p of r satisfying the
 .  .  .congruence p ' 5 mod 8 . It is easy to see that c r ' 0 or 1 mod 2
 .according as r ' 1 or 5 mod 8 , respectively. Combining this result with
 .the condition ii of Proposition 4.3, we have
m r q m 2 r ' 0 mod 2 . 5.5 4 .  .  .  .
 .r'5 8
 .  .  .  .By 5.4 and 5.5 , we have  rm 2 r ' 0 mod 8 . This shows thatr :  r , 2.s1
w xa belongs to I . Thus, I s I and I : I s 1.3. 2. 3. 2. 3.
 .w x .Case II. Let a s  m r r y 1 be an element of I . By ther < M 2.
 .condition i of Proposition 4.3 we have
ry1 m r ' m 2 r q 2m r qm 2 r '0 mod 4 . 4 .  .  .  .  .  .  
<  .  .r M r'1 4 r'3 4
5.6 .
Since
rm 2 r ' m 2 r q 3 m 2 r mod 4 , .  .  .  .  
 .  .  .r : r , 2 s1 r'1 4 r'3 4
 .we have by 5.6 ,
rm 2 r ' 2 m r q m 2 r mod 4 . 5.7 4 .  .  .  .  . 
 .  .r : r , 2 s1 r'3 4
We can write
m r s d r m r q m 2 r , 4 .  .  .  .  
 .  .  .p : p'3 4 r : r'0 p r : r , 2 s1
p is prime
 .where d r denotes the number of prime factors p of r satisfying the
 .  .  .congruence p ' 3 mod 4 . It is easy to see that d r ' 0 or 1 mod 2
 .according as r ' 1 or 3 mod 4 , respectively. Combining this result with
 .the condition ii of Proposition 4.3, we have
m r q m 2 r ' 0 mod 2 . 5.8 4 .  .  .  .
 .r'3 4
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 .  .  .  .  .By 5.7 and 5.8 , we have  rm 2 r ' 0 mod 4 . Now, put w ar :  r , 2.s1
 .  .s  rm 2 r mod 8 . Then, by the fact just we have shown, we haver :  r , 2.s1
w I ; 4Zr8Z. 5.9 . .2.
By the assumption there exists a prime factor p of M which satisfies
 . w x . w x . w x . w xp ' 3 mod 4 . Put a s 3 2 y 1 q 3 p y 1 q 3 2 p y 1 or 15 2p
. w x . w x .  .y 1 q 3 p y 1 q 3 2 p y 1 according as p ' 3 or 7 mod 8 , respec-
 .  .tively. Then a is an element of I and w a ' 4 mod 8 . Combiningp 2. p
 .  .  .this fact with 5.9 , we have w I s 4Zr8Z. Since Ker w s I , we have2. 3.
w xI rI ( 4Zr8Z and I : I s 2. This completes the proof. Q.E.D.2. 3. 2. 3.
w x <LEMMA 5.4. The index I : I is 3 if 3 M and there exists a prime factor3. 4.
 .p of M with p ' 2 mod 3 , s1 otherwise.
 .Proof. If 3 ¦ M, then the condition iv of Proposition 4.3 is null;
w x <hence, I s I and I : I s 1. We assume 3 M. Let us divide the case3. 4. 3. 4.
 .  .into I every prime factor p / 3 of M satisfies the congruence p ' 1
 .  .mod 3 and II there exists a prime factor p of M which satisfies the
 .congruence p ' 2 mod 3 .
 .w x .Case I. Let a s  m r r y 1 be an element of I . Since r ' 0r < M 3.
 .  .  .  .or 1 mod 3 , we have  r y 1 m r ' y m r . By this andr < M r ' 0 3.
 .condition i of Proposition 4.3 we have
m r ' 0 mod 3 . 5.10 .  .  .
 .r'0 3
 .  .  .  .Since  rm 3r '  m 3r '  m r mod 3 , we haver :  r , 3.s1 r '1 3. r ' 0 3.
 .  .  .by 5.10 ,  rm 3r ' 0 mod 3 . This shows that a belongs to I .r :  r , 3.s1 4.
w xThus, I s I and I : I s 1.3. 4. 3. 4.
 .w x .  .Case II. For an element a s  m r r y 1 of I , put w a s r < M 3. r :
 .  . r , 3.s1 rm 3r mod 3 . Then w is a homomorphism from I to Zr3Z. Let3.
 . w x .p be a prime factor of M satisfying p ' 2 mod 3 and put a s 8 3 y 1p
w x .  .  .q 8 p y 1 . Then a is an element of I and w a ' 2 mod 3 . Thisp 3. p
 .  .shows w I s Zr3Z. Since Ker w s I , we have I rI ( Zr3Z and3. 4. 3. 4.
w xI : I s 3. This completes the proof. Q.E.D.3. 4.
By the preceding results, we can obtain the cuspidal class number of the
 . fmodular curve X M . Let M s  p be the decomposition into prime0 is1 i
 .factors. Let d s 12, p y 1, . . . , p y 1 be the greatest common divisor of1 f
<12, p y 1, . . . , p y 1. Put a s 2 if 2 M and there exists a prime factor1 f 2.
 . <p of M with p ' 3 mod 4 , s1 otherwise. Put a s 3 if 3 M and there3.
 .exists a prime factor p of M with p ' 2 mod 3 , s 1 otherwise.
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 .THEOREM 5.1. Let h M be the cuspidal class number of the modular0
 .cur¨ e X M . Then0
2 f ? 12 a a 12. 3. w xh M s p q x p , .  . . 0  5d 24x/1 <p M
where x runs through all nontri¨ ial characters of the group T and p runs
through all prime factors of M.
 .COROLLARY 5.1. If M s p is a prime, then h p is the numerator of0
 .p y 1 r12.
wRemark. This corollary coincides with the theorem of Ogg 8, Theorem,
xp. 228 .
COROLLARY 5.2. Let M s pq be a product of two primes p and q.
 .  .1 If p s 2 and q s 3, then h 6 s 1.0
 .  .   . .  22 If q s 2 and p / 2 or 3, then h 2 p s a p y 1 r4 ? p y0 2.
.  .1 r24, where a s 1 or 2 according as p ' 1 or 3 mod 4 , respecti¨ ely.2.
 .  .   . .  23 If q s 3 and p / 2 or 3, then h 3 p s 2 a p y 1 r3 ? p y0 3.
.  .1 r24, where a s 1 or 3 according as p ' 1 or 2 mod 3 , respecti¨ ely.3.
 .  .  4 If p and q are both distinct from 2 and 3, then h pq s 2 p y0
. ..  2 .  2 .  .1 q y 1 rd ? p y 1 r24 ? q y 1 r24, where d s 12, p y 1, q y 1 .
6. p-SYLOW GROUP OF THE CUSPIDAL DIVISOR
CLASS GROUP
1. Let p be a prime. In this section we determine the p-Sylow group
 .of the cuspidal divisor class group of the modular curve X M for0
p / 2, 3. Also, under certain conditions on M, we determine the 3-Sylow
group.
Let G be an abelian group. Let Z be the ring of all p-adic integers.p
Then if G is finite, the p-Sylow group of G can be identified with the
tensor product G m Z . Let A be a free abelian group and let B be itsp
subgroup. Then it is easy to see that B m Z can be regarded as ap
 .  .subgroup of A m Z , and A m Z r B m Z can be identified withp p p
 .ArB m Z .p
w .xWhen p / 2, the elements e 3.1 can be regarded as elements ofx
R m Z .p
LEMMA 6.1. Let p be a prime / 2. Then R m Z s  Z e and the0 p x /1 p x
 < 4set e x / 1 is a basis of the free Z -module R m Z .x p 0 p
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Proof. By the orthogonality relation of the elements e , it is easy to seex
that R m Z is the direct sum of Z e for all x . The equality of the lemmap p x
 .follows from this and the relation a e s deg a e . Q.E.D.1 1
LEMMA 6.2. Let p / 2, 3. Then I m Z s R m Z .24 p 0 p
w x a bProof. By Lemmas 5.1]5.4, the index R : I is of the form 2 3 . The0 24
equality of the lemma follows from this result. Q.E.D.
LEMMA 6.3. Let 3 ¦ M and e¨ery prime factor p of M satisfy p ' 1
 .mod 3 . Then I m Z s R m Z .24 3 0 3
w x a bProof. By Lemma 5.1]5.4, the index R : I is of the form 2 3 . In0 24
particular, the condition on M implies b s 0. The equality of the lemma
follows from this result. Q.E.D.
 .  . For each character x of the group T , put a x s 1r24  1 qq < M
w x..q x q , where q runs through all prime factors of M.
 .THEOREM 6.1. 1 Let p be a prime / 2, 3. Then the p-Sylow group of
 .the cuspidal di¨ isor class group of the modular cur¨ e X M is isomorphic to0
the group
Z ra x Z . .[ p p
x/1
 .  .2 Let 3 ¦ M and e¨ery prime factor q of M satisfy q ' 1 mod 3 . Then
the 3-Sylow group of the cuspidal di¨ isor class group of the modular cur¨ e
 .X M is isomorphic to the group0
Z ra x Z . .[ 3 3
x/1
Proof. By Proposition 5.1 the cuspidal divisor class group is isomor-
phaic to the quotient R rI u . Hence, for any prime p the p-Sylow group0 24
 .  .  .is isomorphic to R rI u m Z ( R m Z r I u m Z . By Lemmas0 24 p 0 p 24 p
 .  .6.1]6.3, under the conditions of 1 or 2 we have I m Z s R m Z s24 p 0 p
 Z e . Let u * s 24u . Then I u * m Z s  Z u *e s  Z ?x /1 p x 24 p x /1 p x x /1 p
 .  .  .24a x e . Since a x g Z , we have I u m Z s  Z ? a x e . Thisx p 24 p x /1 p x
proves the theorem. Q.E.D.
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